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Abstract
A graph of order n is p-factor-critical, where p is an integer of the same parity
as n, if the removal of any set of p vertices results in a graph with a perfect match-
ing. 1-Factor-critical graphs and 2-factor-critical graphs are factor-critical graphs
and bicritical graphs, respectively. It is well known that every connected vertex-
transitive graph of odd order is factor-critical and every connected non-bipartite
vertex-transitive graph of even order is bicritical. In this paper, we show that a
simple connected vertex-transitive graph of odd order at least 5 is 3-factor-critical
if and only if it is not a cycle.
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1 Introduction
Only finite and simple graphs are considered in this paper. Let G = (V (G), E(G)) be
a graph with vertex-set V (G) and edge-set E(G). The order of G is the cardinality of
V (G). G is called odd if its order is odd. A perfect matching of G is a set of independent
edges covering all the vertices in G. A graph G with a perfect matching is elementary if
its allowed edges (which are these edges contained in some perfect matchings of G) form a
connected subgraph. The concepts of factor-critical and bicritical graphs were introduced
by Gallai [6] and by Lova´sz [8], respectively. A graph G is called factor-critical if the
removal of any vertex of G results in a graph with a perfect matching. A graph is called
∗This work is supported by NSFC (grant no. 10831001)
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bicritical if the removal of any pair of distinct vertices of G results in a graph with a
perfect matching. A graph G is said to be vertex-transitive if for any two vertices x and
y in G there is an automorphism ϕ of G such that y = ϕ(x). In [9] (see Theorem 5.5.24
in Chapter 5), there is a following result.
Theorem 1.1 ([9]). If G is a connected vertex-transitive graph of order n, then
(a) if n is odd, G is factor-critical, while
(b) if n is even, G is either elementary bipartite or bicritical.
Favaron [4] and Yu [18] introduced, independently, a concept of p-factor-critical graphs,
which is a generalization of the concepts of factor-critical and bicritical graphs. A graph G
is said to be p-factor-critical, where p is an integer of the same parity as n, if the removal
of any set of p vertices results in a graph with a perfect matching. A graph G of even
order n is q-extendable [12], where q is an integer with 0 ≤ q < n/2, if G has a perfect
matching and every set of q independent edges is contained in a perfect matching of G.
Favaron [5] showed that for q even, every connected non-bipartite q-extendable graph is
q-factor-critical. Two properties of p-factor-critical graphs are presented as follows.
Let c0(G) denotes the number of odd components of a graph G.
Lemma 1.2 ([4, 18]). A graph G is p-factor-critical if and only if c0(G−X) ≤ |X| − p
for every X ⊆ V (G) with |X| ≥ p.
For a connected graph G, a vertex-cut of G is a set of vertices whose removal discon-
nects G. The (vertex-)connectivity of G, denoted by κ(G), is the greatest integer k such
that k is less than the order of G and G contains no vertex-cuts of G with size less than
k. For F ⊆ E(G), G − F denotes the resulting graph by removing the edges in F ; F is
said to be an edge-cut of G if G− F is disconnected. The edge-connectivity λ(G) of G is
the minimum cardinality over all edge-cuts of G.
Lemma 1.3 ([4]). If a graph G is p-factor-critical with 1 ≤ p < |V (G)|, then κ(G) ≥ p
and λ(G) ≥ p+ 1.
Theorem 1.1 shows the factor-criticality and bicriticality of vertex-transitive graphs.
A question arises naturally: what about p-factor-criticality of vertex-transitive graphs for
p ≥ 3?
In this paper, we characterize the 3-factor-criticality of connected vertex-transitive
odd graphs as follows.
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Theorem 1.4. A connected vertex-transitive odd graph of order at least 5 is 3-factor-
critical if and only if it is not a cycle.
To prove this, we apply the vertex-connectivity, edge-connectivity and several condi-
tional edge-connectivities of vertex-transitive graphs. These results will be introduced in
detail in Section 2. In Section 3, we will present some useful lemmas which play important
roles in the proof of Theorem 1.4. In the last section, we prove Theorem 1.4.
2 Conditional edge-connectivities of vertex-transitive
graphs
In this section, we will introduce some results on the connectivity, edge-connectivity,
s-restricted edge-connectivity and cyclic edge-connectivity of vertex-transitive graphs.
Firstly, we present some notations. Let X be a proper subset of V (G) and set X =
V (G)\X . ∇(X) denotes the set of edges of G with one end in X and the other in X .
NG(X) = {y : y ∈ X such that there is some x ∈ X with xy ∈ E(G)}. dG(X) denotes
the number of edges in ∇(X). ∇({v}), NG({v}) and dG({v}) are written as, in short,
∇(v), NG(v) and dG(v), respectively. The vertices in NG(v) are called neighbors of v.
G−X denotes the subgraph obtained by removing vertices in X from G. G[X ] denotes
the subgraph induced by X . If there is no confusion, then NG(X) and dG(X) are written
as, in short, N(X) and d(X), respectively.
Watkins [14] studied the connection between connectivity and vertex-degree for vertex-
transitive graphs.
Lemma 2.1 ([14]). Let G be a connected k-regular vertex-transitive graph. Then κ(G) >
2
3
k.
Lemma 2.2 ([14]). If G is vertex-transitive with degree k = 4 or 6, then κ(G) = k.
It is well known that κ(G) ≤ λ(G) ≤ δ(G), where δ(G) is the minimum vertex-degree
of G. A connected graph G is said to be maximally edge-connected if λ(G) = δ(G). Mader
[10] proved the following result:
Lemma 2.3 ([10]). All connected vertex-transitive graphs are maximally edge-connected.
A connected graph G is said to be super edge-connected, in short, super-λ, if each of
its minimum edge-cut is ∇(v) for some v ∈ V (G). Tindell [13] characterized the super
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edge-connectivity of vertex-transitive graphs. An imprimitive block of G is a proper non-
empty subset X of V (G) such that for any automorphism ϕ of G, either ϕ(X) = X or
ϕ(X) ∩X = ∅. Tindell’s result can be expressed as follows; See the two quotes [15] and
in [2].
Lemma 2.4 ([13]). A connected vertex-transitive graph G with degree k ≥ 3 is super-λ if
and only if there is no imprimitive block of G which is a clique of size k.
For a connected graph G, an edge-cut F of G is said to be an s-restricted edge-cut
if every component of G − F has at least s vertices, where s is a positive integer. The
s-restricted edge-connectivity of G is the minimum cardinality over all s-restricted edge-
cuts of G, denoted by λs(G). A 2-restricted edge-cut and 2-restricted edge-connectivity
are usually called a restricted edge-cut and restricted edge-connectivity, respectively.
Esfahanian and Hakimi [3] showed that if a connected graph G of order n ≥ 4 is not
a star K1,n−1 then λ2(G) is well-defined and λ2(G) ≤ ξ(G), where ξ(G) is the minimum
edge-degree of G, that is, the minimum number of edges adjacent to a certain edge in
G. A connected graph G is called to be maximally restricted edge-connected, if λ2(G) =
ξ(G). Furthermore, a maximally restricted edge-connected graph G is called to be super
restricted edge-connected, in short, super-λ2, if every minimum restricted edge-cut of G
isolates an edge, that is, every minimum restricted edge-cut of G is a set of edges adjacent
to a certain edge with minimum edge-degree in G. Xu [17] studied restricted the edge-
connectivity of connected vertex-transitive graphs.
Lemma 2.5 ([17]). Let G be a connected vertex-transitive graph of order at least 4. Then
G is maximally restricted edge-connected if its order is odd or it has no triangle.
Wang [15] studied the super restricted edge-connectivity of connected vertex-transitive
graphs. The girth of a graph G with a cycle is the length of a shortest cycle of G.
Lemma 2.6 ([15]). If G is a connected vertex-transitive graph with degree k > 2 and girth
g > 4, then it is super-λ2.
We make an improvement on the previous result for vertex-transitive odd graphs.
Theorem 2.7. If G is a connected vertex-transitive odd graph with degree k > 2 and girth
g > 3, then it is super-λ2.
Before we prove Theorem 2.7, we need to introduce some definitions and some useful
lemmas. A proper subset X of V (G) is called a λ2-fragment of G if ∇(X) is a minimum
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restricted edge-cut of G. A λ2-fragment X of G is trivial if |X| = 2. A nontrivial λ2-
fragment of G with minimum cardinality is called a λ2-superatom of G.
Lemma 2.8 ([7]). Let G be a vertex-transitive graph and H be the subgraph of G induced
by an imprimitive block of G. Then H is vertex-transitive.
Proof of Theorem 2.7. Since G is regular by the vertex-transitivity of G and G is odd, k
is even. Hence k ≥ 4. By Lemmas 2.3 and 2.5, λ(G) = k and λ2(G) = 2k − 2. We firstly
claim that d(S) ≥ λ2(G) for any subset S ⊆ V (G) with |S| ≥ 2 and |S| ≥ 2. In fact, if
G[S] or G[S] is disconnected, then d(S) ≥ 2λ(G) = 2k > 2k − 2 = λ2(G); if both G[S]
and G[S] are connected, then ∇(S) is a restricted edge-cut of G and hence d(S) ≥ λ2(G).
SupposeG is not super-λ2. ThenG has one λ2-superatom and by the vertex-transitivity
of G, it has at least two distinct λ2-superatoms.
Claim ∗. G has at least two distinct λ2-superatoms X and Y such that |X ∩ Y | ≥ 1.
Let X be a λ2-superatom of G. We have
|X|(|X| − 1) ≥
∑
v∈X
dG[X](v)
= k|X| − d(X)
= k|X| − (2k − 2)
= |X|(|X| − 1)− (|X| − k + 1)(|X| − 2).
It follows that |X| ≥ k − 1 since |X| > 2.
Suppose that every two distinct λ2-superatoms of G are disjoint. Then each λ2-
superatom is an imprimitive block of G. Thus G[X ] is vertex-transitive by Lemma 2.8
and hence G[X ] is regular. Let t be the regularity of G[X ]. We have
2(k − 1) = d(X) = |X|(k − t) ≥ (k − 1)(k − t),
i.e., 2 ≥ k − t ≥ 1, or k − 2 ≤ t ≤ k − 1.
Since X is an imprimitive block of G, |X| is a divisor of |V (G)|. Noting that |V (G)|
is odd, |X| is odd. It follows that t is even. Then t = k − 2. Noting that 2(k − 1) =
d(X) = |X|(k − t) = 2|X|, |X| = k − 1. Hence G[X ] is a complete graph, contradicting
g > 3. Claim ∗ is proved.
Let X and Y be two distinct λ2-superatoms of G with |X ∩ Y | ≥ 1. Such X and Y
exist by Claim ∗. We will show that |X ∩ Y | ≤ 2.
On the contrary, suppose that |X ∩ Y | ≥ 3. Noting that |X| ≤ |V (G)|/2 and |Y | ≤
|V (G)|/2 by the definition of λ2-superatom,
|X ∪ Y | = |V (G)| − |X| − |Y |+ |X ∩ Y | ≥ |X ∩ Y | ≥ 3.
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We have that d(X∩Y ) ≥ λ2(G) and d(X∪Y ) ≥ λ2(G) by the claim in the first paragraph.
Then, by the well-known submodular inequality (see, for example, p. 36-38 in [1]),
2λ2(G) = d(X) + d(Y ) ≥ d(X ∩ Y ) + d(X ∪ Y ) ≥ 2λ2(G).
It follows that d(X ∩ Y ) = d(X ∪ Y ) = λ2(G). Note that λ2(G) < 2λ(G). We have that
∇(X ∩ Y )is a minimum restricted edge-cut with 3 ≤ |X ∩ Y | < |X|. This contradicts to
the minimality of λ2-superatom.
Next we will show that |X ∩Y | ≤ 2. Suppose to the contrary that |X ∩Y | ≥ 3. Then
|Y ∩ X| = |X ∩ Y | ≥ 3. By the claim in the first paragraph, d(X ∩ Y ) ≥ λ2(G) and
d(X∪Y ) ≥ λ2(G). Then a contradiction can be obtained by a similar argument as above.
So 3 ≤ |X| ≤ 4. If |X| = 3, then G[X ] is a path of length 2 since G has no triangle
and G[X ] is connected. Thus, λ2(G) = d(X) = 3k− 4 > 2k− 2 = λ2(G), a contradiction.
If |X| = 4, then |E(G[X ])| = [4k− (2k− 2)]/2 = k+1 ≥ 5. It follows that G[X ] contains
a triangle, a contradiction.
Ou and Zhang [11] studied the 3-restricted edge-connectivity of vertex-transitive graphs
and proved the following results.
Lemma 2.9 ([11]). If G is a connected k-regular vertex-transitive graph of order at least
6 and girth g ≥ 4, then either λ3(G) = 3k − 4 or λ3(G) is a divisor of |V (G)| such that
2k − 2 ≤ λ3(G) ≤ 3k − 5 unless k = 3 and g = 4.
For a connected graph G, an edge-cut F of G is called a cyclic edge-cut if at least
two components of G− F contain cycles. The cyclic edge-connectivity of G with a cyclic
edge-cut is defined as the minimum cardinality over all cyclic edge-cuts of G, denoted by
λc(G). Let ζ(G)= min{d(X)|X ⊆ V (G) and X induces a shortest cycle in G}. Wang
and Zhang [16] showed that λc(G) ≤ ζ(G) for any graph G with a cyclic edge-cut. If
λc(G) = ζ(G), then G is called cyclically optimal. Wang and Zhang [16] found a sufficient
condition for vertex-transitive graphs to be cyclically optimal.
Lemma 2.10 ([16]). Let G be a connected vertex-transitive graph with degree k ≥ 4 and
girth g ≥ 5. Then G is cyclically optimal.
3 Some useful lemmas
A subset X of V (E) is called an independent set of a graph G if E(G[X ]) = ∅. The
independent number of G is the maximum cardinality of independent sets of G, denoted
by α(G).
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Lemma 3.1. Let G be a connected vertex-transitive odd graph with degree k ≥ 4. Then
α(G) < (|V (G)| − 1)/2.
Proof. On the contrary, suppose that there is an independent set Y of G such that |Y | =
(|V (G)| − 1)/2. Since G is regular by the vertex-transitivity of G and G is odd, G is non-
bipartite. It follows that G contains a odd cycle. Let g0 be the length of a minimum odd
cycle in G. Since G is vertex-transitive, each vertex is contained in a constant number of
the cycles of length g0 in G, say this constant number is m. Let ng0 be the total number
of odd cycles of length g0 in G.
Since Y is an independent set, each odd cycle of length g0 contains at most (g0− 1)/2
vertices in Y and at least (g0 + 1)/2 vertices in Y . Therefore, vertices in Y are covered
by all the cycles of length g0 at most
1
2
(g0 − 1)ng0 times and vertices in Y are covered by
all the cycles of length g0 at least
1
2
(g0 + 1)ng0 times. On the other hand, we know that
vertices in Y and Y are exactly covered by all the cycles of length g0 m|Y | times and
m|Y | times, respectively. Hence
m|Y | ≤
1
2
(g0 − 1)ng0 (1)
and
m|Y | ≥
1
2
(g0 + 1)ng0 . (2)
Note that |Y | = |V (G)| − |Y | = |Y | + 1. We can obtain by (2)-(1) that m ≥ ng0 . Then
m = ng0 since m ≤ ng0 . This means that each minimum odd cycle C must contain
all vertices in G and hence C is a hamiltonian cycle. Thus, every odd cycle in G is a
hamiltonian cycle. This is impossible. Because each hamiltonian cycle in G has chords
since k ≥ 4, we can find a smaller odd cycle in G, a contradiction.
Lemma 3.2. Let G be a vertex-transitive graph with a triangle. Then, for each subset
X ⊆ V (G), the number of singletons in G−X is not more than the number of edges in
G[X ].
Proof. Suppose to the contrary that there is a subset X ⊆ V (G) such that the number
of singletons of G − X is more than the number of edges in G[X ]. Let t be the number
of singletons in G − X , and e(X) the number of edges in G[X ]. Then e(X) < t. Since
G is vertex-transitive and contains a triangle, each vertex in G is contained in a positive
constant number m of triangles. Since each triangle of G containing a singleton of G−X
must pass through an edge in G[X ], there are at least tm triangles passing through an edge
in G[X ]. Since e(X) < t, G[X ] has an edge e which is contained in more than m triangles.
This means that more than m triangles contain both ends of e, a contradiction.
7
Lemma 3.3. Let G be a connected 4-regular vertex-transitive triangle-free odd graph.
Then G has no two distinct vertices u and v such that N(u) = N(v).
Proof. We firstly show that there are no three distinct vertices x, y and z in G such
that N(x) = N(y) = N(z). Suppose that x, y and z are such three distinct vertices in
G that N(x) = N(y) = N(z) = {a1, a2, a3, a4}. Let a5 be the neighbor of a1 which is
different from x, y and z. By the vertex-transitivity of G, there are two distinct vertices
a′1 and a
′′
1 in {a2, a3, a4} such that N(a1) = N(a
′
1) = N(a
′′
2), say a
′
1 = a2 and a
′′
1 = a3.
Hence a2a5, a3a5 ∈ E(G). Since G is 4-regular and vertex-transitive, the fourth neighbor
of a4 must be a5. This means that G[{x, y, z, a1, a2, a3, a4, a5}] is a component of G, a
contradiction.
Suppose that u and v are two distinct vertices in G such that N(u) = N(v) =
{b1, b2, b3, b4}. Since G contains no triangle, b1 has two neighbors in V (G)\(N(u)∪{u, v}),
say c1 and c2. By the vertex-transitivity of G, there is a vertex w ∈ {b2, b3, b4} such that
N(w) = N(b1), say w = b2. Now we will consider what will N(b3) be. If |N(b3) ∩
{c1, c2}| = 2, then N(b1) = N(b2) = N(b3), a contradiction. If |N(b3) ∩ {c1, c2}| = 1,
say N(b3) ∩ {c1, c2} = {c1}, then N(b4) = N(b3) by the vertex-transitivity of G, which
implies that N(u) = N(v) = N(c1), a contradiction. So N(b3) ∩ {c1, c2} = ∅. Let
N(b3) = {u, v, c3, c4}. Then N(b3) = N(b4) by the vertex-transitivity of G. Hence the
graph showed in Fig. 1 is a subgraph of G.
u v
1b 2b 3b 4b
1c 2c 3
c 4c
Fig. 1. A subgraph of G with N(u) = N(v).
From Fig. 1, we can figure out that there are exactly 10 quadrangles containing u.
By the vertex-transitivity of G, there are 10 quadrangles containing v′ for each vertex
v′ ∈ V (G). Let n4 be the number of quadrangles in G. Then
4n4 = 10|V (G)|.
It follows that |V (G)| is even, a contradiction.
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Lemma 3.4. Let G be a connected vertex-transitive odd graph with degree k = 4 and girth
g = 4. Then, for each edge e in G, there are at least two distinct quadrangles containing e
and there is another edge e′ adjacent to e such that the number of quadrangles containing
e′ is the same as the number of quadrangles containing e.
Proof. Let v be a vertex in G incident to edges e1, e2, e3 and e4. Let ti be the number
of quadrangles containing ei for i = 1, 2, 3, 4. By the vertex-transitivity of G, we only
need to show that for each i, ti ≥ 2 and there is an element j ∈ {1, 2, 3, 4}\{i} such that
tj = ti.
If there is an number tj such that tj 6= ti for any i ∈ {1, 2, 3, 4}\{j}, then, by the
vertex-transitivity of G, each vertex in G is only incident to one edge contained exactly
in tj quadrangles. This means that the set of edges contained exactly in tj quadrangles
is a perfect matching of G, contradicting that G is odd.
So either t1, t2, t3 and t4 have a common value, or two of them have a common value
and the other two have another common value. Without loss of generality, we assume
that t1 = t2 and t3 = t4.
Since G is vertex-transitive and contains a quadrangle, each vertex is contained in
a positive constant number of quadrangles. Let n4 be the number of quadrangles in G
and m be the number of the quadrangles containing v. Then 4n4 = m|V (G)|. It follows
that 4|m since |V (G)| is odd. Hence m ≥ 4. On the other hand, since each quadrangle
containing v passes through two edges incident to v, 2m = t1 + t2 + t3 + t4 = 2t1 + 2t3.
Then t1 + t3 = m ≥ 4.
If t1 = 0, then t3 = m ≥ 4. In this case, every quadrangle containing v passes through
e3 and e4. Since G is 4-regular, t3 = t4 ≤ 3, a contradiction.
1v
1v
2v
2v 3v3v
4v4v
1e
1e 2e
2e
3e
3e
4e
4e
v v
( )a ( )b
Fig. 2. The two possible subgraphs of G with t1 = 1 and t3 ≥ 3.
If t1 = 1, then t3 = m − 1 ≥ 3. If e1 and e2 are in a common quadrangle, then there
are three quadrangles containing e3 and e4, see Fig. 2 (a). If there is no quadrangle con-
taining e1 and e2, then the quadrangle containing e1 is edge-disjoint from the quadrangle
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containing e2 and there are two quadrangles containing e3 and e4 since t3 = t4 ≥ 3 and
t1 = t2 = 1, see Fig. 2 (b). In each case, we can see that e3 and any of other three edges
incident to v3 are contained in a quadrangle. But there is no such edge incident to v
that it has this property. This means that there is no automorphism ϕ of G such that
ϕ(v) = v3, a contradiction.
So t1 ≥ 2. By a similar argument as above, t3 ≥ 2.
4 Proof of Theorem 1.4
The “only if” part is trivial by Lemma 1.3. In this section we will mainly finish the “if”
part.
Suppose that G is not a cycle and is not 3-factor-critical. By Lemma 1.2, there is
a set X ⊆ V (G) with |X| ≥ 3 such that c0(G − X) > |X| − 3. By Theorem 1.1, G is
factor-critical. So c0(G−X) ≤ |X| − 1 by Lemma 1.2. We have
|X| − 3 < c0(G−X) ≤ |X| − 1.
Since c0(G−X) and |X| have different parity,
c0(G−X) = |X| − 1.
Let H1, H2, . . ., Ht be the odd components of G−X where t = c0(G−X).
Since G is vertex-transitive, G is regular. Let k be the regularity of G. Noting that G
is odd and is not a cycle, k is even and k ≥ 4. It follows that there is no imprimitive block
of G which is a clique of size k. Otherwise, |V (G)| will be a multiple of k, contradicting
that |V (G)| is odd. Thus G is super-λ by Lemma 2.4.
Claim 1. Every component of G−X is odd.
If G−X has an even component H0, then d(V (Hi)) ≥ k for 0 ≤ i ≤ t since λ(G) = k
by Lemma 2.3. Thus,
k|X| = k(t + 1) ≤
t∑
i=0
d(V (Hi)) ≤ d(X) ≤ k|X|,
which implies that d(V (H0)) = k and X is an independent set of G. Hence ∇(V (H0))
isolates a vertex v in G since G is super-λ, and v ∈ X . This means that G[V (H0) ∪ {v}]
is a component of G, a contradiction. Claim 1 holds.
A graph D is called nontrivial if |V (D)| ≥ 2. Let g be the girth of G.
Claim 2. If g ≥ 4, then G − X has exactly one nontrivial component H , and
d(V (H)) = 2k.
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Now we suppose that g ≥ 4. By Claim 1, H1, H2, . . ., Ht are all the components
of G − X . Without loss of generality, we assume that H1, H2, . . ., Hp are nontrivial
components and Hp+1, Hp+2, . . ., Ht are singletons. For i = 1, 2, . . . , p, |V (Hi)| ≥ 3 and
|V (Hi)| ≥ 2|X| − 2 ≥ 4. If G[V (Hi)] is connected, then ∇(V (Hi)) is a restricted edge-cut
of G and hence d(V (Hi)) > λ2(G) = 2k − 2 since G is super-λ2 by Theorem 2.7. If
G[V (Hi)] is disconnected, then d(V (Hi)) ≥ 2λ(G) = 2k > 2k − 2 since λ(G) = k by
Lemma 2.3. So d(V (Hi)) > 2k − 2, for i = 1, 2, . . . , p. We have
p(2k − 2) + k(t− p) <
p∑
i=1
d(V (Hi)) + k(t− p) =
t∑
i=1
d(V (Hi)) = d(X) ≤ k|X|.
Note that t = c0(G − X) = |X| − 1. It follows that p <
k
k−2
≤ 2 and
∑p
i=1 d(V (Hi)) ≤
k(p+ 1).
If p = 0, then X is an independent set of size (|V (G)| − 1)/2 in G, which contradicts
that α(G) < (|V (G)| − 1)/2 by Lemma 3.1.
So p = 1. Then 2k − 2 < d(V (H1)) ≤ 2k. Since d(V (H1)) = k|V (H1)| − 2|E(H1)| is
even, d(V (H1)) = 2k. Claim 2 is proved.
Claim 3. If g ≥ 4, then g = 4 and k = 4.
Suppose that g ≥ 4. By Claims 1 and 2, G−X has exactly one nontrivial component H
and H satisfies |V (H)| is odd and d(V (H)) = 2k. Hence |V (G)| ≥ |V (H)|+2|X|−2 ≥ 7.
By Lemma 2.9, either λ3(G) = 3k − 4 or λ3(G) is a divisor of |V (G)|. Since k is even,
d(Y ) = k|Y | − 2|E(G[Y ])| is even for any Y ⊆ V (G). Hence λ3(G) is even. Then λ3(G)
is not a divisor of |V (G)| since |V (G)| is odd. Thus λ3(G) = 3k − 4.
Note that λ(G) = k by Lemma 2.3, λ2(G) = 2k − 2 by Theorem 2.7, |V (H)| ≥
3 and |V (H)| = 2|X| − 2 ≥ 4. We claim that G[V (H)] is connected. Otherwise, if
G[V (H)] has exactly two components, then d(V (H)) ≥ λ(G) + λ2(G) = 3k − 2 > 2k, a
contradiction; if G[V (H)] has at least three components, then d(V (H)) ≥ 3λ(G) = 3k >
2k, a contradiction. Thus ∇(V (H)) is a 3-restricted edge cut of G. Then
2k = d(V (H)) ≥ λ3(G) = 3k − 4,
which implies that k = 4.
Next we will show that ∇(V (H)) is also a cyclic edge-cut of G. Note that |V (H)| ≥ 3
and k = 4. Then |E(H)| = 1
2
(k|V (H)| − 2k) ≥ |V (H)| − 1 and equality holds only
for |V (H)| = 3. If |V (H)| = 3, then X is an independent set of size (|V (G)| − 1)/2
in G, which contradicts that α(G) < (|V (G)| − 1)/2 by Lemma 3.1. So |V (H)| > 3
and |E(H)| > |V (H)| − 1. It follows that H contains a cycle. Since |V (H)| ≥ 4,
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|E(G[V (H)])| = 1
2
(k|V (H)| − 2k) > |V (H)| − 1. This implies that G[V (H)] also contains
a cycle. Thus ∇(V (H)) is a cyclic edge-cut of G.
If g ≥ 5, then, by Lemma 2.10,
d(V (H)) ≥ λc(G) = (k − 2)g ≥ 5k − 10 > 2k,
a contradiction. So g = 4. Claim 3 is proved.
By Claim 3, g = 3, or g = 4 and k = 4. Next, we will distinguish the two cases to
produce contradictions.
Case 1. g = 3.
Let t and e(X) denote the number of singletons in G−X and the number of edges in
G[X ], respectively. We will show that t > e(X). This would contradict Lemma 3.2.
Since G is super-λ and k is even, d(V (Hi)) ≥ k + 2, for any nontrivial component Hi
of G−X . Let p′ be the number of nontrivial components of G−X . We have
p′(k + 2) + k(t− p′) ≤
t∑
i=1
d(V (Hi)) = d(X) = k|X| − 2e(X).
Note that t = c0(G−X) = |X| − 1. It follows that p
′ ≤ k
2
− e(X).
Now we show that |X| ≥ k. If k = 4 or 6, then κ(G) = k by Lemma 2.2. Hence
|X| ≥ κ(G) = k since X is a vertex-cut of G. Now assume that k ≥ 8. By Lemma 2.1,
|X| ≥ κ(G) > 2
3
k. Note that c0(G−X) = |X| − 1 and p
′ ≤ 1
2
k. We have
t = c0(G−X)− p
′ >
2
3
k − 1−
k
2
=
k
6
− 1 > 0,
which implies that there is a singleton u in G−X . Hence |X| ≥ |N(u)| ≥ k.
Therefore, we have
t = c0(G−X)− p
′ ≥ k − 1− (
k
2
− e(X)) = e(X) +
k
2
− 1 ≥ e(X) + 1.
Case 2. g = 4 and k = 4.
By Claims 1 and 2, G − X has exactly one nontrivial component H and H satisfies
|V (H)| is odd and d(V (H)) = 2k. It follows that X is an independent set of G. From
the argument in Claim 3, we know that |V (H)| > 3 and G[V (H)] is connected.
Claim 4. |∇(v) ∩ ∇(V (H))| ≤ 2 for any v ∈ V (G).
Noting that G is 4-regular, H and G[V (H)] are connected, we have that |∇(v) ∩
∇(V (H))| ≤ 3 for any v ∈ V (G). If there is u′ ∈ V (G) with |∇(u′)∩∇(V (H))| = 3, then
either ∇(V (H)\{u′}) or ∇(V (H)∪{u′}) is a restricted edge-cut of size 2k−2 in G. Since
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G is super-λ2 by Theorem 2.7, either |V (H)\{u
′}| = 2 or |V (H)\{u′}| = 2, contradicting
that |V (H)| > 3 and |V (H)| = 2|X| − 2 ≥ 4. Claim 4 is proved.
By Claim 4, |N(V (H))| ≥ 4. If |N(V (H))| = 4 and |X| ≥ 6, then let H ′ = G[V (H)∪
N(V (H))] and X ′ be the set of singletons in G − X . Then |X ′| = c0(G − X) − 1 =
|X| − 2 ≥ 4, c0(G − X
′) = |X| − 3 = |X ′| − 1 and H ′ is the nontrivial component of
G−X ′ with d(V (H ′)) = d(V (H) ∪N(V (H))) = 4× 4− 8 = 8 = 2k. Take H ′ as H and
X ′ as X . Repeat this operation until |N(V (H))| = 4 and |X| ≥ 6 do not hold.
So we assume that |N(V (H))| > 4, or |N(V (H))| = 4 and |X| < 6.
If |N(V (H))| = 4, then |X| = 4 or 5. If |X| = 4, then G − X has two singletons a
and b with N(a) = N(b) = X , which contradicts Lemma 3.3. If |X| = 5, then G − X
has exactly three singletons, which form a vertex-cut of size 3 in G, contradicting that
κ(G) = k = 4 by Lemma 2.2.
So |N(V (H))| > 4. Let G′ = G[∇(V (H))] be the induced subgraph by edges in
∇(V (H)). Then there is a vertex v0 ∈ V (G
′) ∩ X with dG′(v0) = 1. By Claim 4,
dG′(v) ≤ 2, for any v ∈ V (G
′). Hence every component of G′ is a path. Let l be the
length of the component P of G′ passing through v0.
If l = 1, then there is no quadrangle in G containing the edge in P , contradicting
Lemma 3.4.
If l = 2, let P = v0v1v2 and N(v1) = {v0, v2, u1, u2}. Then v0, v2 ∈ X and v1, u1, u2 ∈
V (H). It follows that there is no quadrangle in G containing an edge in {v0v1, v1v2} and
an edge in {v1u1, v1u2}. Note that there are two distinct quadrangles containing v1u1 by
Lemma 3.4. Then the two quadrangles also contain v1u2 and cover three edges incident
to u1. But any two quadrangles containing v1 cover two or four edges incident to v1. This
means that there is no automorphism ϕ of G such that ϕ(v1) = u1, a contradiction.
So l ≥ 3. Let P = v0v1v2v3 . . . vl and N(v0) = {v1, w1, w2, w3}. Let s1, s2, s3 and s4
be the numbers of quadrangles containing v0v1, v0w1, v0w2 and v0w3, respectively. Since
each quadrangle containing v0v1 must pass through v1v2 and a vertex in X\V (H) and
dG[V (H)](v2) = 2, s1 ≤ 2. By Lemma 3.4, s1 ≥ 2. Thus s1 = 2. Assume that the two
quadrangles containing v0v1 are v0v1v2w1v0 and v0v1v2w2v0. Then, by Lemma 3.4, s1 =
s4 = 2 and s2 = s3 > 2. Furthermore, let n4 be the number of quadrangles in G and m be
the number of quadrangles containing v0. By the vertex-transitivity of G, 4n4 = m|V (G)|.
Hence 4|m since |V (G)| is odd. Note that 2m = s1 + s2 + s3 + s4 = 2s1 + 2s2. Then
4|(s1 + s2). Thus s2 ≥ 6 since s1 = 2 and s2 > 2.
Let v0w1w4w3v0 and v0w2w5w3v0 be the two quadrangles containing v0w3. Note that
s1 = s4 = 2 and g = 4. If w4 6= w5, then G1 showed in Fig. 3 is an induced subgraph of
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Fig. 3. The two possible induced subgraphs of G with l ≥ 3.
G by {v0, v1, v2, w1, w2, w3, w4, w5}; if w4 = w5, then G2 showed in Fig. 3 is an induced
subgraph of G by {v0, v1, v2, w1, w2, w3, w4}. It is easy to see that any quadrangle which
contains v0 and is not in Gi must pass through v0w1 and v0w2. Noting that G is 4-
regular, the number of such quadrangles is at most 1. Hence s2 ≤ 5 since the numbers of
quadrangles containing v0w1 in G1 and in G2 are, respectively, 3 and 4, a contradiction.
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